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We introduce a general method for the construction of quasiprobability representations for arbitrary notions
of quantum coherence. Our technique yields a nonnegative probability distribution for the decomposition of any
classical state. Conversely, quantum phenomena are certified in terms of signed distributions, i.e., quasiprobabil-
ities, and a residual component unaccessible via classical states. Our unifying method combines well-established
concepts, such as phase-space distributions in quantum optics, with resources of quantumness relevant for quan-
tum technologies. We apply our approach to analyze various forms of quantum coherence in different physical
systems. Moreover, our framework renders it possible to uncover complex quantum correlations between sys-
tems, for example, via quasiprobability representations of multipartite entanglement.
I. INTRODUCTION
The discovery of quantum mechanics led to paradigms de-
scribing aspects of nature beyond classical physics. For in-
stance, the fact that a quantum state is represented by com-
plex probability amplitudes provided an explanation of sur-
prising observations, such as interference phenomena of par-
ticles. However, a demand to unify classical concepts with the
ideas from quantum theory remained. For this reason, Wigner
formulated a phase-space representation to provide a classical
picture of the wave function [1]. This approach enables us to
understand to what extent quantum phenomena are compati-
ble or incompatible with their classical counterparts. While
such a construct yields a nonnegative distribution in classical
statistical mechanics, it can include negative quasiprobabili-
ties when applied to quantum systems.
In general, the technique of quasiprobability distributions
presents a remarkably successful approach in modern quan-
tum physics. For example, quasiprobabilities can be applied
to confirm fundamental predictions of quantum physics, such
as nonlocality [2, 3], macrorealism [4], and contextuality [5].
Moreover, negative quasiprobabilities serve as a resource for
quantum information protocols [6, 7].
The visualization of quantum features through quasiprob-
abilities is an efficient and intuitive approach to characterize
quantum systems. Consequently, the phase-space representa-
tion became an essential tool for field theories, such as quan-
tum optics [8]. In this case, the Glauber-Sudarshan represen-
tation [9, 10] is a quasiprobability distribution which allows
one to expand a state of light in terms of coherent states, which
resemble the behavior of classical harmonic oscillators [11].
The Glauber-Sudarshan representation also inspired the for-
mulation of a manifold of generalized quasiprobability dis-
tributions [12, 13], which include the Wigner function and
other well-known phase-space distributions [14, 15] as special
cases. Beyond bosonic systems, quasiprobability distributions
for fermions have been recently established as well [16–20].
Connections between quasiprobability distributions and en-
tanglement led to insights into the nature of quantum corre-
lations [21, 22], which includes the study of hybrid systems
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combining continuous-variable and discrete-variable degrees
of freedom [23, 24]. Also, quantum properties can be inferred
from the conditional [24, 25] and marginal [26, 27] distribu-
tions of quasiprobabilities. Furthermore, even processes can
be characterized using quasiprobability distributions [28], and
multi-time phase-space distributions provide access to tempo-
ral quantum correlations [29, 30].
Quasiprobabilities are experimentally accessible [31–33].
This includes the application to pulsed light [34] and
large atomic ensembles [35]. The reconstruction of phase-
space distributions is even possible with imperfect detec-
tion schemes [36, 37] and relates to the dual operators of
a positive-operator-valued measure [38]. Quasiprobabilities
also serve as the foundation to experimentally analyze other
quantum features of light, such as the orbital angular momen-
tum [39]. In this case, however, classical angular momentum
states and, similarly, classical atomic states differ from those
introduced for the harmonic oscillator [40, 41]. Still, the for-
mulation of quasiprobability distributions is possible using the
Poincare´ sphere as the underlying phase space [42–45]. Ap-
plications can be found, for example, in the fields of quantum
metrology [46] and the entanglement characterization [47]. A
related question addresses nonclassical states of the polariza-
tion of light, which can be similarly represented by negative
quasiprobabilities in theory and experiment [48–52].
One challenge in continuous-variable systems is that
quasiprobabilities can become highly singular [53, 54]. For
this reason, regularization methods have been introduced
[55, 56] and generalized to multipartite and time-dependent
systems [30, 57]. This allows for the direct experimental sam-
pling of regular negative quasiprobabilities of quantum light
[58, 59]. Notably, such irregularity problems do not occur in
discrete-variable systems.
The investigation of quasiprobabilities in finite dimensions,
such as Wigner-function-based approaches [60–62] and their
generalizations (see, e.g., [63]), renders it possible to obtain a
deeper insight into nonclassical properties specific to discrete-
variable systems. For example, quasiprobabilities can be gen-
eralized to qudits [64], which are particularly relevant in the
context of quantum information and communication [65], as
well as to study the quantum property of the spin [66–68].
Furthermore, finite-dimensional quasiprobabilities relate to
so-called weak measurements [69] and enable the efficient es-
timation of actual measurement-outcome probabilities [70].
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2For different physical systems, the notion of what proper-
ties a classical state has to have can alter [71], leading to dif-
ferent types of quasiprobabilities [72]. This means the anal-
ysis of quantum phenomena depends on the particular choice
of classical reference states [73]. Yet, some quantum correla-
tions between subsystems, such as entanglement, are not af-
fected by such a local basis dependence [74, 75]. To provide
a unified framework for the study of different quantum phe-
nomena, the concept of quantum coherence has been intro-
duced (see Ref. [76] for an overview). The theory of quantum
coherence yields a quantitative description of quantum effects
[77, 78] in which the quantum-physical superposition prin-
ciple plays a pronounced role [79]. Further, the operational
meaning of this quantum resource for quantum protocols and
processes has been investigated [80, 81]. Recent applications
also performed a comparative analysis of classical and non-
classical evolutions [82] and studied the impact of the spin
statistics [83]. Moreover, if one considers bipartite product
states as the classical basis, one obtains all separable states
via statistical mixtures of classical states [84]. Consequently,
quantum coherence includes entanglement, which can be also
characterized in terms of negative quasiprobabilities [85, 86].
Thus, the concept of quantum coherence renders it possible to
study various quantum phenomena in a common framework.
Today, the description of quantum phenomena through neg-
ative quasiprobabilities continues to have a broad impact on
modern research and is the basis for a profound understand-
ing of quantum physics. While remarkable progress has been
made recently in the quasiprobability-based description of
quantum coherence (see, e.g., [87–90]), the actual construc-
tion of an optimal decomposition in terms of quasiprobability
distributions over classical states remained an open problem.
In this paper we derive a method for the construction of
quasiprobability distributions for general forms of quantum
coherence. Since such a decomposition is, in general, not
unique, we derive a method which is optimal in the sense that
it necessarily yields a nonnegative decomposition for all clas-
sical states. By contrast, quantum coherence is determined
via negativities within the quasiprobability distribution over
the set of classical states or the inability to expand the state
under study in terms of any linear combination of classical
states, leading to an orthogonal residual component. To apply
our technique, we analytically study quantum coherences for
different scenarios relevant in quantum information and quan-
tum physics. Furthermore, we uncover quantum correlations
between multiple degrees of freedom, including multipartite
entanglement. Thus, we provide a construction method for
obtaining optimal quasiprobabilities to investigate phenomena
of quantum coherence in a unified manner.
The paper is organized as follows. We explain the need for
optimal decompositions and define essential concepts in Sec.
II. Section III includes the mathematical framework which
results in the systematic formulation of our technique. The
method is then applied to different notions of quantum coher-
ence in Sec. IV, followed by a study of diverse notions of
quantum correlations in Sec. V. Our work is summarized in
Sec. VI.
II. PRELIMINARIES
A. Density operator decomposition
A fundamental paradigm of quantum physics is that the
state of a system can be described in terms of a density op-
erator. More specifically, any quantum state can be written as
statistical mixture of pure ones,
ρˆ =
∫
dPcl.(ψ)|ψ〉〈ψ|. (1)
Here Pcl. is a classical, i.e., normalized and nonnegative, prob-
ability distribution over the set of pure states. The density
operator is a nonnegative and Hermitian operator with a unit
trace norm, ρˆ = ρˆ† ≥ 0 and tr(ρˆ) = 1.
There are two problems with the decomposition of mixed
states in terms of pure ones. First, the decomposition (1) is
ambiguous. For example, the density operator ρˆ ′ = (|0〉〈0|+
2|1〉〈1|)/3, in which {|0〉, |1〉} denotes an orthonormal basis,
can be also expanded as ρˆ ′= (4|φ〉〈φ |+5|χ−〉〈χ−|)/9, where
|φ〉= (|0〉+ |1〉)/√2 and |χ±〉= (|0〉±2|1〉)/
√
5. Second, a
quasiprobability, i.e., P 6= Pcl., also enables a decomposition
of the state. For our example, we can find the quasi-mixture
representation ρˆ ′ = (4|1〉〈1|+4|φ〉〈φ |−5|χ+〉〈χ+|)/3 with a
negative “probability” of the contribution χ+.
To overcome these deficiencies, one can use the spectral
decomposition for an optimal state expansion,
ρˆ =∑
n
pn|ψn〉〈ψn|, (2)
which is based on the eigenvalue problem of the density op-
erator ρˆ|ψn〉 = pn|ψn〉. The eigenvalues in this decomposi-
tion are nonnegative and normalized, pn ≥ 0 for all n and
∑n pn = 1. Using the spectral decomposition, we get a valid
classical and unique (up to degenerate eigenvalues) probabil-
ity distribution for Eq. (1). Specifically, the probability den-
sity is given by dPcl.(ψ)/dψ = ∑n pnδ (ψ−ψn), where δ de-
notes the Dirac delta distribution. For our considerations, it
is also worth mentioning that an unphysical density operator,
i.e., ρˆ ′′  0, necessarily includes at least one negative eigen-
value. In fact, the spectral decomposition (2) proves that this
operator ρˆ ′′ cannot be a convex combination (1) of pure phys-
ical states.
Thus, the spectral decomposition yields an optimal decom-
position in terms of pure states and enables us distinguish
valid density operators from operators outside the convex set
of physical states. We are going to generalize this concept for
identifying classical and nonclassical states.
B. Quasiprobabilities for harmonic oscillators
Sometimes a restriction to specific families of pure states
for the decomposition (1) is useful for the aim of studying
specific quantum phenomena. This implies that the spectral
decomposition (2) cannot be applied under this restriction,
because the eigenvectors are not necessarily in the family of
states under study.
3FIG. 1. Quasiprobability density of a single-photon-added ther-
mal state, dP(α)/dα = ([1+ n¯]|α|2− n¯])e−|α|2/n¯/(pi n¯3) for n¯ = 1.
The negative contributions (magenta) certify that this state cannot be
written as a convex mixture of coherent states.
A prominent example for such a scenario is the Glauber-
Sudarshan representation of quantum states of light [9, 10],
ρˆ =
∫
dP(α)|α〉〈α|, (3)
which exclusively employs coherent states |α〉 since they re-
semble most closely the behavior of a classical harmonic os-
cillator [11]. Note that in the context of modern resource the-
ories, the commonly used name “coherent state” for a classi-
cal optical state might be confusing, but it represents the his-
toric approach to define this state as a superposition of photon-
number eigenstates. In order to expand any quantum state in
the form of Eq. (3), it is unavoidable to allow for quasiproba-
bilities, P 6= Pcl.. In fact, this turns out to be beneficial as the
impossibility to find a classical Glauber-Sudarshan distribu-
tion defines nonclassical light and separates quantum-optical
phenomena from classical statistical optics [91, 92]. An ex-
ample of an experimentally reconstructed, negative Glauber-
Sudarshan quasiprobability density can be found in Ref. [93]
and is similar to the one presented in Fig. 1 for a state stud-
ied in Ref. [94]. It is also worth mentioning that the class of
Glauber-Sudarshan distributions can be ambiguous too [54].
The Glauber-Sudarshan decomposition (3) is an intuitive
approach to visualize nonclassical quantum states of light (see
Fig. 1). Therefore, we are going to generalize such a method
to other forms of quantum phenomena beyond quantized radi-
ation fields described through harmonic oscillators.
C. Quantum coherence
To address general quantum phenomena, the notion of
quantum coherence has been introduced, which combines var-
ious concepts of nonclassicality. A recent comprehensive re-
view can be found in Ref. [76].
For defining a general classical state, one supposes that C is
a closed subset of pure states, |c〉〈c| with 〈c|c〉= 1, which are
consistent with a classical model to be specified. In the most
general case, these states neither are orthogonal nor form a ba-
sis. A mixed classical state can written as the convex mixture
of pure ones,
ρˆ =
∫
dPcl.(c)|c〉〈c|, (4)
where Pcl. is a probability distribution over C . Thus, any clas-
sical state is in the closure, with respect to the trace norm, of
the convex span of pure classical states conv(C ). Then ρˆ is a
so-called incoherent state because it can be described solely in
terms of statistical mixtures of pure classical states and it does
not require coherent quantum superpositions. Conversely, a
state which is not classical exhibits quantum coherences and
is consequently referred to as a nonclassical state.
In this work we restrict ourselves to finite-dimensional sys-
tems. This prevents us from dealing with the mathematical pe-
culiarities of highly singular distributions, as they are typical
for continuous-variable systems [54]. Moreover, this is specif-
ically useful for applications in quantum information technol-
ogy employing discrete variables. Further, this enables us to
write the continuous representation in Eq. (4) as a discrete
sum ρˆ = ∑n pn|cn〉〈cn| (see Ref. [95] for an introduction to
convex geometry in finite spaces).
Motivated by the intuitive quasiprobability decomposition
for the harmonic oscillator [Eq. (3) and Fig. 1] and the
uniqueness of the spectral decomposition [Eq. (2)], we are
going to devise a technique for the decomposition of quan-
tum states in terms of classical ones. There are two impor-
tant aspects which are satisfied by our approach. First, we
develop a constructive approach beyond bare existence state-
ments, which are typically addressed. Second, our method
ensures that any classical (i.e., incoherent) state is optimally
described in terms of a classical distribution. Thus, if our re-
constructed probabilities fails to be a nonnegative representa-
tion of the state under study, this state is uniquely certified to
be a nonclassical one.
III. QUANTUM STATE DECOMPOSITION
A. Initial remarks
A trivial observation to be made is that any quantum state
ρˆ can be decomposed as
ρˆ =∑
n
pn|cn〉〈cn|+ ρˆres., (5)
where ~p=(pn)n is an arbitrary (typically, signed) distribution,
|cn〉〈cn| ∈C , and ρˆres. is a residual part of the state. The resid-
ual component is not accessible when restricting to the states
in C (cf. Fig. 2). A state is classical if a representation with
~p≥ 0 (i.e., pn ≥ 0 for all n) and ρˆres. = 0 exists [cf. Eq. (4)].
Conversely, as depicted in Fig. 2, nonclassicality results from
the impossibility of a classical representation. Thus, nonclas-
sical states require a quasiprobability representation, ~p 0, or
a non-vanishing component ρˆres..
We emphasize that the notions of classicality studied here
are based on the existence of a convex decomposition of a
state. It does not mean that any decomposition has to be non-
negative, as we pointed out for the decomposition of general
4FIG. 2. Schematic decomposition. For classical states ρˆ , i.e., ele-
ments of the convex span of C (green area), the decomposition (4)
applies. Nonclassical states can be further separated into two classes
[Eq. (5)]: elements in the space spanned by C (magenta area with
~p  0) and elements out of this plane (ρˆres. 6= 0). Note that, in gen-
eral, these classes are not disjoint because we can simultaneously
have ρˆ 6= 0 and ~p 0.
density operators (Sec. II A). This means even if, for example,
~p 0 is true for one decomposition, there might exist another
one with ~p′ ≥ 0. Characterizing all possible decompositions
becomes specifically cumbersome when C includes an infi-
nite number of elements.
Therefore, we aim to construct an optimal convex decom-
position of any element ρˆ ∈ conv(C ). Our approach is based
on the premature observation that pure states D ⊂ C defined
by an optimal distance to ρˆ enable the desired decomposition
(see Fig. 3). In this section, we develop the rigorous math-
ematical framework to prove that this intuitive picture holds
true and it additionally yields a constructive approach to ob-
tain a decomposition with ~p≥ 0 for any ρˆ ∈ convC .
Let us briefly establish some notations and methods com-
mon in convex geometry [95] to perform this task. Since the
case ρˆ ∈ C is trivial, let us further assume that ρˆ is not a pure
state. Furthermore, it is convenient to shift the problem so that
the element under study is in the origin. This means we trans-
late the space such that the element of interest is ρˆ0 = 0. This
is indicated by the index “0,” which defines the operation
xˆ 7→ xˆ0 = xˆ− ρˆ. (6)
This map yields the translated set C0 = {|c〉〈c|− ρˆ : |c〉〈c| ∈
C } and also implies ρˆ0 = ρˆ− ρˆ = 0 ∈ conv(C0).
In addition, we can define a subspace of Hermitian opera-
tors,X = lin(C ). Note thatX is defined only over real num-
bers R as the operator ixˆ is not Hermitian for xˆ = xˆ† (xˆ 6= 0).
This space can be equipped with the Hilbert-Schmidt scalar
product
(xˆ|yˆ) = tr(xˆyˆ) (7)
for xˆ, yˆ∈X which yields the norm ‖xˆ‖= (xˆ|xˆ)1/2. For exam-
ple, ‖ρˆ‖2 describes the purity of the state. The dual spaceX ′
FIG. 3. Decomposition of ρˆ , which is an element of convC (light
gray area). The optimal distances (dashed circles) of this state to C
(here the boundary of gray area) results in a subset of points D ⊂ C
(green bullets). For an optimal decomposition, we are going to show
that ρˆ ∈ convD (light green polytope) holds true.
is the set of all linear maps f :X →R and can be represented
by
f (xˆ) = ( fˆ |xˆ) (8)
for an operator fˆ ∈X . It is worth mentioning that the dual
space plays a fundamental role for the detection of nonclassi-
cality, e.g., in terms of entanglement witnesses [96].
B. Convex decomposition
We need two definitions to formalize our treatment.
Definition 1. LetBε(xˆ)= {zˆ∈X : ‖zˆ− xˆ‖≤ ε} be the ball of
radius ε centered at xˆ. An element yˆ of a closed and bounded
setM 6= /0 is a stationary point to xˆ if
∃ε > 0 ∀zˆ ∈Bε(xˆ)∩M : ‖yˆ− xˆ‖ ≥ ‖zˆ− xˆ‖
or ∃ε > 0 ∀zˆ ∈Bε(xˆ)∩M : ‖yˆ− xˆ‖ ≤ ‖zˆ− xˆ‖.
This definition means that stationary points have an opti-
mal (minimal or maximal) distance to yˆ in an ε neighbor-
hood. BecauseM is a closed and bounded subset of a finite-
dimensional space (thus, compact), there are least stationary
maximum and minimum points, namely, the global maximum
and minimum. Also note that Definition 1 implies that an iso-
lated point, an xˆ ∈M which is the only point in an ε neigh-
borhood, i.e.,Bε(xˆ)∩M = {xˆ}, is a stationary point.
Definition 2. A closed set N is exhaustive if for all f ∈X ′
there exist xˆ+, xˆ− ∈N such that
f (xˆ+)≥ 0 and f (xˆ−)≤ 0.
5An exhaustive set ensures that for any hyperplane {xˆ ∈X :
f (xˆ) = 0} there exist stationary points above (or on) and under
(or on) this hyperplane. Note that xˆ+ = xˆ− is possible when
f (xˆ±) = 0. Exhaustive sets are important as they ensure the
convex decomposition of the zero element.
Lemma 1. 0 ∈ conv(N ) holds true for an exhaustive setN .
Proof. Assume 0 /∈ conv(N ). From the Hahn-Banach sepa-
ration theorem it follows that there exists f ∈X ′ such that for
all yˆ∈ conv(N ), f (yˆ)< 0= f (0) holds true. This contradicts
the property of the exhaustive set N . Thus, the assumption
0 /∈ conv(N ) is false.
The combination of both definitions proves that the station-
ary points form an exhaustive set.
Lemma 2. The set of stationary points D0 ⊂ C0 to ρˆ0 = 0 is
exhaustive.
Proof. To construct a contradiction, let us assume that the
negation is true, i.e., ∃ f ∈X ′ such that for all xˆ stationary
points of C0 to 0, we have f (xˆ)< 0. Since 0 ∈ conv(C0)\C0,
there exist cˆ j ∈ C0 and p j > 0 such that 0 =∑ j p j cˆ j. Because
f is linear and f (0) = 0, we have f (yˆ) ≥ 0 for at least one
yˆ = cˆ j′ . Because of our assumption, yˆ is not stationary. Thus,
we define the nonempty closed setM f = {yˆ ∈ C0 : f (yˆ)≥ 0}
which is separated by f from all stationary points. However,
Mp has to include at least one stationary point xˆ+, e.g., a
global maximum. This yields the contradiction; our assump-
tion is not true. Analogously, we can show the existence of a
stationary point xˆ− ∈ C0 to 0 for which f (xˆ−)≤ 0.
With this lemma, we have identified the elements of C0
which allow for the desired convex decomposition. Namely,
ρˆ0 ∈ convC0 can be written as a convex combination of its sta-
tionary points in C0. It is also worth emphasizing that a subset
of stationary points can be sufficient as long as it remains to
be exhaustive.
Undoing the initial shift ρˆ0 7→ ρˆ , we can directly conclude
the following corollary, which also confirms our intuition pre-
sented in Fig. 3.
Corollary 1. Any ρˆ ∈ conv(C ) can be written as a convex
combination of stationary points in C and likewise any subset
D thereof for which D0 is exhaustive.
As a consequence of this corollary, the element ρˆ can be
written as
ρˆ = ∑
xˆ∈D
pxxˆ. (9)
Performing a projection onto yˆ ∈D , we find
∀yˆ ∈D : (yˆ|ρˆ) = ∑
xˆ∈D
px(yˆ|xˆ). (10)
This defines a linear equation which has, according to Corol-
lary 1, at least one solution with nonnegative probabilities,
px ≥ 0 for all x. Therefore, we can directly conclude the fol-
lowing.
Corollary 2. We define~g= [(yˆ|ρˆ)]yˆ∈D , ~p= [px]xˆ∈D , and G=
[(yˆ|xˆ)]xˆ,yˆ∈D . The linear system
G~p =~g
has a solution ~p≥ 0 (i.e., px ≥ 0 for all xˆ) and ρˆ = ∑xˆ∈D pxxˆ.
Note that G is the symmetric, positive-semidefinite Gram-
Schmidt matrix. A solution of the linear problem can be ob-
tained, e.g., with the simplex algorithm. In the case in which
the kernel of G is empty, G is invertible and ~p is unique,
~p = G−1~g.
C. Concluding remarks
After this rigorous treatment let us conclude this section
with some practical observations. Let us describe how to
compute the stationary points and obtain the probability dis-
tribution. For this reason, it is worth noting that the function
xˆ 7→ (xˆ|xˆ) = ‖xˆ‖2 [cf. Eq. (7)] is differentiable. Further, let
us assume that elements of C are given through the differen-
tiable function t 7→ Γˆ(t) ∈ C , where t represents a (possibly
piecewise and multidimensional) parametrization of those el-
ements. From Definition 1 it follows that we can obtain the
stationary points from the optimization of the function
‖ρˆ− Γˆ(t)‖2 = (ρˆ|ρˆ)−2(ρˆ|Γˆ(t))+(Γˆ(t)|Γˆ(t)). (11)
This means the derivative ∂t of this expression has to be zero.
Classical pure states yield (Γˆ(t)|Γˆ(t)) = const. because of
tr(|c〉〈c|c〉〈c|) = 1. Thus, ∂t‖ρˆ− Γˆ(t)‖2 = 0 is equivalent to
∂t(ρˆ|Γˆ(t)) = 0. (12)
The resulting solutions for all parametrizations, in addition to
isolated points, yields all stationary points, defining the setD .
So far we focused on the construction of a convex decom-
position of a classical state ρˆ ∈ conv(C ). Now let us consider
nonclassical states ρˆ /∈ conv(C ). In this case, we can also
compute stationary points. However, we get ~p 0 or ρˆres. 6= 0
(cf. Fig. 2). In the former case, this means that the linear
equation in Corollary 2 has no positive solution. In the latter
case, the reconstructed state does not coincide with the actual
state. That is, the residual component, given by
ρˆres. = ρˆ− ∑
|c〉〈c|∈D
pc|c〉〈c|, (13)
does not vanish.
Therefore, the derived approach yields a constructive as
well as necessary and sufficient criterion for identifying quan-
tum coherences. After this general treatment, let us apply our
method to various examples for characterizing quantum co-
herence and quantum correlations in different systems.
IV. APPLICATIONS
A. Spectral decomposition
As a consistency check, let us assume that C contains all
pure states. Thus, we can define a parametrization which maps
6any vector to a pure state, t = 〈ψ| 7→ Γˆ(t) = |ψ〉〈ψ|/〈ψ|ψ〉.
Consequently, using the definition (7) of the Hilbert-Schmidt
scalar product, the optimization problem in Eq. (12) reads
0 = ∂〈ψ|
〈ψ|ρˆ|ψ〉
〈ψ|ψ〉 =−
ρˆ|ψ〉
〈ψ|ψ〉 +
〈ψ|ρˆ|ψ〉|ψ〉
〈ψ|ψ〉2 . (14)
Identifying g = 〈ψ|ρˆ|ψ〉/〈ψ|ψ〉, this condition is identical to
the eigenvalue problem of the density operator
ρˆ|ψ〉= g|ψ〉. (15)
Thus, an orthonormal eigenbasis {|ψn〉|}n defines the set
of stationary points D = {|ψn〉〈ψn|}. Consequently, we get
for the definitions in Corollary 2 the Gram-Schmidt matrix
G = [tr(|ψn〉〈ψn|ψm〉〈ψm|)]m,n = diag(1,1, . . .) and the vector
of the nonnegative eigenvalues~g= [〈ψn|ρˆ|ψn〉]n = [gn]n. Now
the only solution of G~p =~g is obtained when pn = gn for all
n.
Thus, the spectral decomposition (2), a cornerstone of many
problems in mathematical physics, is just a special case of our
general treatment in which C contains all pure states.
B. Orthonormal qudit states
A frequently studied example of classical states is given by
orthonormal basis vectors of a qudit system {| j〉} j=0,...,d−1.
Then the set C = {| j〉〈 j| : j = 0, . . . ,d−1} of classical states
only includes isolated points. For example, a classical bit
(d = 2) is restricted to |0〉〈0| and |1〉〈1| corresponding to the
classical truth values “false” and “true,” respectively.
Since any isolated point is also stationary, we can identify
D = C in the scenario under study. Applying our technique,
we get ~p = (p0, . . . , pd−1)T = [〈 j|ρˆ| j〉] j=0,...,d−1, which is a
nonnegative vector. However, we observe that the residual
component
ρˆres. = ρˆ−
d−1
∑
j=0
〈 j|ρˆ| j〉| j〉〈 j| (16)
vanishes if and only if ρˆ is diagonal in | j〉〈 j|. In other words,
the classical states take the form ρˆ = ∑d−1j=0 p j| j〉〈 j|. This is
certainly not surprising. However, again, it demonstrates the
general function of our method.
As an example, let us assume the state ρˆ = |φ〉〈φ |, using the
coherent superposition |φ〉 = (|0〉+ · · ·+ |d−1〉)/√d. From
Eq. (13) we obtain a residual component with
‖ρˆres.‖2 = tr
[(
|φ〉〈φ |− 1ˆ
d
)2]
= 1− 1
d
> 0, (17)
which confirms the quantum nature. This residual component
yields the Hilbert-Schmidt distance of the state to the set of
classical ones and can be used as a quantifier of quantum co-
herence for the considered notion of classicality [76].
The findings in this and the previous example might not
be surprising. However, we made the claim that out method
FIG. 4. The green volume within the Bloch sphere (right) deter-
mines all classical states. The left plot depicts the minimal element
of the quasiprobability ~p [cf. Eqs. (22) and (23)] for any cross section
of the Bloch sphere, because of symmetry. The states in the lower tri-
angle are decomposed in terms of a non-negative ~p, min~p ≥ 0. The
remaining states are identified as nonclassical, min~p < 0 (magenta).
universally applies to discrete-variable systems. Thus, we find
that it is important to confirm that known results are retrieved.
With the first two examples, we successfully demonstrate that
this can be easily achieved with our approach.
C. True, false, and undecidable
As a more sophisticated example, let us assume that the
classical states in a qubit system are given by
C = {|0〉〈0|, |1〉〈1}∪{|ϕ〉〈ϕ| : 0≤ ϕ < 2pi} ,
where |ϕ〉= |0〉+ e
iϕ |1〉√
2
.
(18)
This can be compared to a classical ternary logic, which con-
sists of the isolated states “false” (|0〉) and “true” (|1〉) and is
extended by including “undecidable” states. The latter states
|ϕ〉 have an equal chance of being true or false and form a con-
tinuum. In the Bloch-sphere representation, the convex set of
classical states defines a double cone structure (see Fig. 4).
For realistic problems in classical computation, the introduc-
tion of undecidable states is one way, for example, to allow
for the possibility to indicate scenarios in which insufficient
data are available to make a definitive decision.
A general qubit state can be decomposed as
ρˆ =p|0〉〈0|+(1− p)|1〉〈1|
+
√
p(1− p)
(
γ|1〉〈0|+ γ∗|1〉〈0|
)
,
(19)
with |γ| ≤ 1 and 0 ≤ p ≤ 1. The stationary states are
the isolated points |0〉 and |1〉 as well as the contributions
(|0〉+ eiargγ |1〉)/√2 and (|0〉 − eiargγ |1〉)/√2 for |γ| 6= 0 of
the continuous part obtained from solving ∂ϕ〈ϕ|ρˆ|ϕ〉 = 0
[Eq. (12)]. Applying Corollary 2 and using the order
7{|0〉, |1〉, |argγ〉, |argγ +pi〉} for the stationary points, we get
the matrix
G =
 1 0 1/2 1/20 1 1/2 1/21/2 1/2 1 0
1/2 1/2 0 1
 , (20)
which can be characterized through its eigenvectors ~enorm. =
(1,1,1,1)T, ~eiso. = (1,−1,0,0)T, ~econt. = (0,0,1,−1)T, and
~eker. = (1,1,−1,−1)T to the corresponding eigenvalues 2, 1,
1, and 0, respectively. Further, we obtain from Corollary 2 the
vector
~g =

p
1− p
1/2+
√
p(1− p)|γ|
1/2−√p(1− p)|γ|
 (21)
=
1
2
~enorm.+
2p−1
2
~eiso.+
√
p(1− p)|γ|~econt..
Solving the linear equation G~p =~g, we find
~p =

p+ r
1− p+ r√
p(1− p)|γ|− r
−√p(1− p)|γ|− r
 (22)
=
1
4
~enorm.+
2p−1
2
~eiso.+
√
p(1−p)|γ|~econt.+
[
r+
1
4
]
~eker.
for any r ∈ R. Note that ρˆres. = 0 hods true as a consequence
of the fact that the classical states have a nonempty volume in
the Bloch sphere of all states. The found solution implies that
a nonnegative ~p exists if and only if we can choose r such that
min{p,1− p} ≥ −r ≥√p(1− p)|γ|. Thus, for instance, we
can set
r =−min{p,1− p}+
√
p(1− p)|γ|
2
, (23)
which yields a nonnegative ~p if possible. Therefore, we ob-
tain the nonclassicality of all qubit states in the considered
scenario, which is shown in Fig. 4 and is directly achieved by
applying our method.
D. Angular momentum coherent states
As an example motivated by physics, a spin-s system is
considered with a total spin s ∈ N/2. If s is a half-integer
or integer, we have fermionic or bosonic quantum character-
istics, respectively, which is of particular interest when study-
ing quantum correlations (cf. Sec. V C). The operator com-
ponents of the spin satisfy [Sˆx, Sˆy] = ih¯Sˆz and cyclic permuta-
tions thereof. The spectral decomposition, for example, of
the z component reads Sˆz = h¯∑sm=−s m|m〉〈m|. Using lad-
der operators, Sˆ±|m〉 = h¯
√
(s∓m)(s±m+1)|m± 1〉, the x
and y components can be written as Sˆx = (Sˆ+ + Sˆ−)/2 and
Sˆy = (Sˆ+− Sˆ−)/(2i). Furthermore, the classical spin states
are defined as
|ϑ ,ϕ〉=
s
∑
m=−s
(
2s
s+m
) 1
2
[
cos
ϑ
2
]s+m [
sin
ϑ
2
]s−m
e−imϕ |m〉,
(24)
for 0 ≤ ϑ ≤ pi and 0 ≤ ϕ < 2pi . In addition, we have
〈ϑ ,ϕ|Sˆz|ϑ ,ϕ〉= h¯scosϑ and 〈ϑ ,ϕ|Sˆ±|ϑ ,ϕ〉= h¯se±iϕ sinϑ .
Note that for ϑ ∈ {0,pi}, the angle ϕ becomes irrelevant.
Originally such states were introduced and studied as angular
momentum coherent states [40, 97] for generalizing quantum-
optical concepts to angular-momentum-based algebras. A
convex mixture of classical spin states then defines the notion
of an incoherent states in such a scenario [98].
To apply our technique, we consider the pure superposition
state ρˆ = |ψ〉〈ψ|, with
|ψ〉= |− s〉+ |s〉√
2
, (25)
where s ≥ 1, to exclude trivial cases. The optimization of
〈ϑ ,ϕ|ρˆ|ϑ ,ϕ〉 over ϑ and ϕ can be done straightforwardly.
This yields the solutions ϑ ∈ {0,pi}, resulting in the states
|±s〉, as well as ϑ = pi/2 and ϕn = pin/(2s) for n= 0, . . . ,4s−
1, which corresponds to the states
|pi/2,ϕn〉= 12s
s
∑
m=−s
√
(2s!)
(s+m)!(s−m)!e
−ipimn/(2s)|m〉. (26)
After some algebra, one obtains the quasiprobabilities
pϑ=0 = pϑ=pi = 1/2 and pϑ=pi/2,ϕn = (−1)n
22s
8s
, (27)
where the latter are negative for odd integers n. Note that we
have a unique decomposition as G is invertible and we have
ρˆres. = 0.
In Fig. 5 the quasiprobabilities are shown over the spin-
s phase space, which is defined by the Poincare´ sphere and
must not be confused with the Bloch sphere for qubits. The
quasiprobability (radial component) for the classical states in
Eq. (24) is shown as a function of the angles ϑ and ϕ . The top
(bottom) plot shows the quasiprobability of the state |ψ〉〈ψ|
under study for a boson (fermion). The negativities in the
equatorial plane confirm the nonclassical character [Eq. (27)].
Again, we are able to directly apply our technique to unam-
biguously confirm the quantum characteristic of states in this
physical system, which is only remotely related to the previ-
ous example inspired by quantum information.
V. APPLICATION TO CORRELATIONS
A. Bipartite entanglement
So far, we focused on the nonclassical characteristics of a
single system. When studying quantum correlations between
8FIG. 5. Quasiprobabilities over the Poincare´-sphere phase space.
The polar angel is ϑ and the azimuthal angle is ϕ . Both define the
classical states |ϑ ,ϕ〉〈ϑ ,ϕ| [Eq. (24)]. The radius over the sphere
is used to show the quasiprobability pϑ ,ϕ (bullet points) of the cor-
responding state; negative and positive values point inside (magenta)
and outside (green), respectively. The negativities (magenta bullets)
confirm the nonclassicality of the state |ψ〉= (|s〉+ |− s〉)/√2.
two systems, the set C of pure classically correlated states is
formed by tensor-product states |a,b〉= |a〉⊗ |b〉 [74]. Let us
assume that all local states |a〉 and |b〉 of the subsystems A
and B are classical. Then statistical mixtures of such states
[Eq. (4)] define classically correlated states, termed separable
states [84]. Thus, a nonclassical state is entangled in this case
(see Ref. [99] for an introduction to quantum entanglement).
Similarly to the example for the spectral decomposition
(Sec. IV A), a map Γˆ(t) = (|a〉〈a|/〈a|a〉)⊗ (|b〉〈b|/〈b|b〉) is
defined through the parameter t = (〈a|,〈b|). In close analogy
to the eigenvalue problem of the density operator, the opti-
mization of (Γˆ(t)|ρˆ) over the two components of t results in
the so-called separability eigenvalue equations,
ρˆb|a〉= g|a〉 and ρˆa|b〉= g|b〉, (28)
with the reduced operators ρˆa = (〈a| ⊗ 1ˆB)ρˆ(|a〉 ⊗ 1ˆB) and
ρˆb = (1ˆA⊗〈b|)ρˆ(1A⊗|b〉). The thorough derivation of those
equations was done in Ref. [100], where this approach was
used to construct entanglement witnesses.
It is well known that any quantum state can be written
as a quasi-mixture of separable states (see, e.g., Ref. [85]).
Thus, one necessarily obtains ρˆres. = 0. We previously con-
structed quasiprobabilities for bipartite entanglement based
on Eq. (28) [86]. Again, our method derived here pro-
vides a general framework, which includes such previous re-
sults as a special case. Existing examples of studied states
are quantum-optical two-mode squeezed states [101], NOON
states in quantum metrology [102], and Werner states [103]. It
is also noteworthy that a generalization of Eq. (28) allows us
to identify entanglement between quantum trajectories [104].
In the following, we study further examples. Moreover, the
previous results have been limited to bipartite entanglement.
Based on our general approach, we are now able to address
multipartite systems too (Sec. V D).
B. Complex probability amplitudes
To study combinations of local and nonlocal notions of non-
classicality let us consider the concept of a “redit,” real qudit.
In this context, a pure state is classical if it can be written as
real-valued vector in the computational basis. Thus, the set C
of pure redit states |c〉〈c| is defined via
|c〉=
d−1
∑
j=0
γ j| j〉, where γ j ∈ R for all j. (29)
The observation that there are states beyond redits is a conse-
quence of the fact that quantum physics is described in terms
of complex probability amplitudes γ j rather than real-valued
vectors as one may expects from classical field theories. As
we will visualize with our approach, interferences stemming
from superpositions in a real vector space do not account for
all phenomena which are described in complex spaces. Thus,
the identification of correlations beyond redits confirms the
fundamental axiom of quantum physics that a complex Hilbert
space is required to describe quantum-physical states.
In general, the Hermitian density operator can be decom-
posed into two real-valued matrices
ρˆ = ρˆRe+ iρˆIm, (30)
where ρˆRe = (ρˆ + ρˆ∗)/2 = ρˆTRe and ρˆIm = (ρˆ + ρˆ
∗)/(2i) =
−ρˆTIm. Further, we find for the classical states cˆ = |c〉〈c| that
tr(cˆρˆIm) = tr((cˆρˆIm)T) =−tr[ρˆImcˆ] =−tr(cˆρˆIm). (31)
This means that (cˆ|ρˆIm) = 0. Consequently, applying our ap-
proach to the single-mode scenario, we find that the stationary
states are obtained via the eigenvalue problem of the real part
of the density operator
ρˆRe|c〉= g|c〉. (32)
This implies that the spectral decomposition over the real-
valued vectors yields probabilities which are nonnegative.
Still, nonclassicality can be inferred from the residual oper-
ator, ρˆres. = ρˆ− ρˆRe = iρˆIm.
For studying correlations, we can combine the approaches
in Eqs. (28) and (32) to study the case of separable and real-
valued states. As an example, we consider the two-qubit state
ρˆ =
σˆ0⊗ σˆ0+∑w∈{z,x,y}ρwσˆw⊗ σˆw
4
, (33)
9where the σˆw denote Pauli matrices for w ∈ {x,y,z} [105].
This four-dimensional density operator is real-valued with
the eigenvalues (1+ ρz + ρx − ρy)/4, (1+ ρz − ρx + ρy)/4,
(1 − ρz + ρx + ρy)/4, and (1 − ρz − ρx − ρy)/4. Conse-
quently, the parameter space of physical quantum states
in Eq. (33) is the tetrahedron spanned by (ρx,ρy,ρz) ∈
{(−1,−1,−1),(−1,1,1),(1,−1,1),(1,1,−1)}.
The complex form of the separability eigenvalue equations
(28) for the density operator under study is solved by
|a〉⊗ |b〉= |w±A〉⊗ |w±B〉, (34)
for w ∈ {z,x,y} and where |w±〉 are the eigenvectors of the
Pauli matrix σˆw [105]. The signs ±A and ±B can be chosen
arbitrarily for the subsystems. In the scenario of real-valued
product vectors, i.e., solving the separability eigenvalue prob-
lem for real numbers, we obtain the same solutions with the
restriction to w ∈ {z,x}.
Consequently, the latter set of solutions allows us to obtain
the probability vector for R,
~p =

pz,+,+
pz,+,−
pz,−,+
pz,−,−
px,+,+
px,+,−
px,−,+
px,−,−

=
1
8

1
1
1
1
1
1
1
1

+
1
4

ρz
−ρz
−ρz
ρz
ρx
−ρx
−ρx
ρx

+

r
r
r
r
−r
−r
−r
−r

, (35)
where the indices are arranged according to w,±A,±B and a
free parameter r. We find that a positive solution ~p is possible
if and only if
r ≤ 1
8
− |ρx|
4
and r ≥−1
8
+
|ρz|
4
(36)
can be satisfied. For instance, the mean value of the upper and
lower bound, r = (|ρz|− |ρx|)/8, ensures a positive ~p if pos-
sible. Moreover, the residual component for the real numbers
is ρˆres. = ρyσˆy⊗ σˆy/4.
For the case C, we append the y components and get
~p =
1
12

1
1
1
1
1
1
1
1
1
1
1
1

+
1
4

ρz
−ρz
−ρz
ρz
ρx
−ρx
−ρx
ρx
ρy
−ρy
−ρy
ρy

+

r+q
r+q
r+q
r+q
−r
−r
−r
−r
−q
−q
−q
−q

, (37)
for arbitrary r and q. Now a positive solutions exists if and
only if the inequalities
r ≤ 1
12
− |ρx|
4
, q≤ 1
12
− |ρy|
4
, and r+q≥− 1
12
+
|ρz|
4
(38)
FIG. 6. The top row shows the green regions depicting separable
states over R (left) and C (right) for the family of states in Eq. (33).
The middle row shows, for ρx = −ρy = ρz = 3/4, the quasiproba-
bilities for |a〉 ⊗ |b〉 are shown—the x and y axes define the states
in subsystems A and B, respectively. The Hilbert-Schmidt norm of
its residual component is depicted left for this rebit scenario. The
bottom row shows, analogously, the qubit scenario (‖ρˆres.‖= 0).
simultaneously hold true. Similarly to the previous scenario,
we can make the symmetric choice r=(|ρz|+ |ρy|−2|ρx|)/12
and q = (|ρz|+ |ρx| − 2|ρy|)/12 to obtain ~p ≥ 0 if possible.
Further, we have ρˆres. = 0 for the case C.
A specific state of the form in Eq. (33) was studied in Ref.
[106] and it is an interesting example of so-called bound en-
tanglement for a rebit. For this state, we have ρx = ρz = 0 and
ρy = 1. Then we get in the real-valued case that ~p ≥ 0, but
ρˆres. 6= 0 certifying the nonclassical character, i.e., real-valued
entanglement. By contrast, the complex scenario yields a con-
vex decomposition, verifying that the state is separable with
respect to C. Thus, our more general solutions directly con-
firm the predicted properties of this state [106].
Beyond this specific example, we can consider the gen-
eral case. Based on our approach, we can identify all pure
and mixed classical states in the given parametrization [Eq.
10
(33)]; the top row in Fig. 6 shows the real-valued (complex-
valued) separable parameter space on the left (right), which
forms an octahedron (square). In addition, for the parameters
ρx =−ρy = ρz = 3/4, the quasiprobabilities are shown in the
middle row of Fig. 6 for the R case. The bottom row shows
the C scenario in which the residual component of the previ-
ous case is resolved into the additional y components. Note
that the sign of ρy is opposite to those of the x and z compo-
nents, resulting in different quasiprobabilities.
This study demonstrates that our approach renders it possi-
ble to perform an intuitive and joint characterization of entan-
glement together with the fact that quantum physics requires
complex probability amplitudes in a unified framework.
C. Bosons and fermions
Apart from entanglement, there are other forms of quan-
tum correlations emerging in composite systems. Previously,
we studied spin states (Sec. IV D). Here let us consider such
states for a bipartite system together with the exchange sym-
metry for bosons and fermions.
Again, we can apply our general approach to this scenario
(cf. Corollaries 1 and 2). As an example, we study the state
|ψ〉= 1√
2
{ |s,−s〉+ |− s,s〉 for integer s,
|s,−s〉− |− s,s〉 for half-integer s, (39)
where s≥ 1. This state shares similarities with a NOON state,
which is frequently applied in quantum metrology because of
its advanced phase precision [107]. The optimization over the
states |ϑA,ϕA〉⊗|ϑB,ϕB〉 first results in the optimal states with
polar angles 0 and pi , yielding |s〉⊗|s〉, |−s〉⊗|s〉, |s〉⊗|−s〉,
and | − s〉⊗ |− s〉. Second, we get the relation between the
azimuthal angles
ϕA =
pin
2s
+ϕB for n ∈ Z, (40)
and the relation between the polar angles
ϑA =
{
pi−ϑB for n+2s even,
ϑB for n+2s odd.
(41)
Thus, in analogy to the single system, we can chose ϑA =
ϑB = pi/2, ϕA = pinA/(2s) and ϕB = pinB/(2s) to get a finite
and exhaustive subset of stationary points. Then we get
pϑA=0,ϑB=0 = pϑA=pi,ϑB=pi =0,
pϑA=0,ϑB=pi = pϑA=pi,ϑB=0 =
1
2
,
pϑA=ϑB=pi/2,ϕA=pinA/(2s),ϕB=pinB/(2s) =(−1)nA+nB+2s
24s
64s
,
(42)
as well as ρˆres. = 0
The found quasiprobabilities are negative when nA + nB +
2s is an odd integer. This confirms that the state in Eq.
(39) is nonclassically correlated in the sense that it is not
a convex combination of tensor products of classical spin
states |ϑA,ϕA〉 ⊗ |ϑB,ϕB〉. Furthermore, it is obvious that
we can write |ψ〉 ∝ |0,ϕA〉 ∨ |pi,ϕB〉 for bosons (for inte-
ger s and using the symmetric tensor product ∨) as well as
|ψ〉 ∝ |0,ϕA〉 ∧ |pi,ϕB〉 for fermions (for half-integer s and
using the skew-symmetric tensor product ∧). Thus, when
including the exchange symmetry originating from the spin
statistics, the state is indeed a classical symmetric or skew-
symmetric tensor-product state. Consequently, we observe
that the negativities of the quasiprobability are a result of the
exchange symmetry in quantum physics. See also Ref. [83]
for a recent in-depth analysis of the interplay between local
quantum coherence, entanglement, and the exchange symme-
try of indistinguishable particles.
D. Multipartite entanglement
In our study of quantum correlations, we focused on bi-
partite systems so far. In this last application, let us consider
multipartite entanglement of a complex-valued N-partite sys-
tem. The pure classical states are all N-fold tensor-product
vectors |ψ1, . . . ,ψN〉 = |ψ1〉⊗ · · ·⊗ |ψN〉. Similarly to the bi-
partite scenario, we obtain the stationary points of a state ρˆ in
terms of a multipartite version of the separability eigenvalue
equations [108]
ρˆψ1,...,ψ j−1,ψ j+1,...,ψN |ψ j〉= g|ψ j〉 (43)
for j = 1, . . . ,N and the operators ρˆψ1,...,ψ j−1,ψ j+1,...,ψN =
(〈ψ1, . . . ,ψ j−1| ⊗ 1ˆ j ⊗ 〈ψ j+1, . . . ,ψN |)ρˆ(|ψ1, . . . ,ψ j−1〉 ⊗
1ˆ j ⊗ |ψ j+1, . . . ,ψN〉), where 1ˆ j is the identity of the jth
subsystem. Since any operator can be expanded in terms of
Hermitian product operators, the residual component has to
vanish for any state, ρˆres. = 0. Thus, our technique enables us
to uncover multipartite entanglement of any state ρˆ in terms
of quasiprobability distributions, ~p 0.
An interesting example of a four-partite state was intro-
duced by Smolin [109], ρˆ = (σˆ⊗40 + σˆ
⊗4
z + σˆ⊗4x + σˆ⊗4y )/16.
This state is bound entangled, which presents a “weak” form
of quantum correlation. More generally, let us study the fam-
ily of states [110]
ρˆ =
1
2N
(
σˆ⊗N0 +ρzσˆ
⊗N
z +ρxσˆ
⊗N
x +ρyσˆ
⊗N
y
)
, (44)
for N ≥ 2, which includes the Smolin state as a special case.
The treatment of this class of state can be done analogously
to the bipartite scenario considered previously (Sec. V B).
Note that we focus on complex-valued states here. We find
the multipartite separability eigenvectors by solving Eq. (43);
they are [105]
N⊗
j=1
(|ψ j〉〈ψ j|) =
N⊗
j=1
σˆ0+ s jσˆw
2
, (45)
where w ∈ {z,x,y} and for any choice of sign s j ∈ {+1,−1},
resulting in 2N combinations of signs for each w. Eventually,
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we obtain the quasiprobabilities as
pz,s1,...,sN =
1
3
1
2N
+ s1 · · ·sN ρz2N +(r+q),
px,s1,...,sN =
1
3
1
2N
+ s1 · · ·sN ρx2N − r,
py,s1,...,sN =
1
3
1
2N
+ s1 · · ·sN ρy2N −q.
(46)
Setting r = (−r′ + 1/3− |ρx|)/2N and q = (−q′ + 1/3−
|ρy|)/2N , we get the constraints for classical probabilities, i.e.,
separability, r′ ≥ 0, q′ ≥ 0, and r′+q′ ≤ 1−|ρz|− |ρx|− |ρy|.
For the upper bounds r′ = q′ = 0, we get the necessary and
sufficient condition that a generalized Smolin state in Eq. (44)
is separable (~p≥ 0) for any number of parties N,
|ρz|+ |ρx|+ |ρy| ≤ 1. (47)
Conversely, the violation of this condition yields ~p  0
and certifies multipartite entanglement. For instance, as-
sume we mix the actual Smolin state with white noise
η∑w∈{0,z,x,y} σˆ⊗4w /16+(1−η)σˆ⊗40 /16 (see the experimental
realizations in Refs. [111–113]). Then the above condition
implies that as long as η > 1/3 holds true, the state exhibits
multipartite entanglement.
VI. CONCLUSION
In summary, we developed a universal framework for the
representation of quantum coherences in terms of quasiprob-
abilities. We proved that our construction yields a classical
probability distribution for the convex expansion of any sta-
tistical mixture of pure classical states. This is important as
the decomposition of quantum states is, in general, not unique
and finding one negative distribution does not imply that no
nonnegative distribution exists. Our approach overcomes this
challenge even if we have a continuum of pure classical states.
In particular, we have proven that the pure classical states with
an optimal distance to the state under study enable a convex
decomposition if possible. Thus, a state exhibits quantum co-
herences, i.e., it is nonclassical, if our reconstructed distri-
bution includes negativities or does not expand the state un-
der study, leading to a nonzero residual component not ac-
cessible with classical states. Therefore, our necessary and
sufficient method provides an intuitive picture for certifying
quantum phenomena and provides an optimal decomposition
for mixed classical states in finite-dimensional spaces. Let us
also mention that the direct generalization of our approach to
any continuous-variable system is a nontrivial problem as the
distributions can become highly irregular in some cases [54].
In addition to the derivation of our method, we applied our
method to study various systems which are relevant for quan-
tum physics and quantum information science.
To demonstrate the general operation of our technique, we
showed that the spectral decomposition of the density operator
is just a special case of our general treatment when assuming
that all pure states are classical. Then we analyzed a qudit sys-
tem in which the classical states form an orthonormal basis.
In this case, the computed distribution is always nonnegative
and quantum coherence manifests itself exclusively via a non-
vanishing residual component, which can be further used to
quantify the nonclassicality. Moreover, for a single qubit, we
studied the scenario where the classical states include not only
the orthogonal states for true and false, but also their balanced
superposition to represent a third truth value, termed unde-
cidable. We computed the quasiprobabilities for all states in
and on the Bloch sphere and found that nonclassicality exclu-
sively stems from negativities in the optimal distribution as
the residual component vanishes. Finally, we considered the
phase-space representation of a quantum superposition state
in a spin-s system. This yields a quasiprobability distribu-
tion which directly visualizes the nonclassical character on the
Poincare´ sphere, the phase space of spin states. In fact, the so-
called Holstein-Primakoff approximation [114] for a large to-
tal spin yields a tangential plane to the Poincare´ sphere which
corresponds to the phase space of a continuous-variable har-
monic oscillator used in quantum optics.
Beyond a single system, we additionally investigated quan-
tum correlations in composite systems. As a first example,
we considered entanglement quasiprobabilities for bipartite
entanglement. Specifically, we analyzed the impact of com-
plex Hilbert spaces when compared to states over real num-
bers. With this example, we were able to jointly characterize
quantum features stemming from entanglement and the ne-
cessity of complex-valued probability amplitudes in quantum
physics. Furthermore, we considered quantum correlations
originating from the exchange symmetry in systems of indis-
tinguishable particles. Specifically, the bipartite quasiprob-
ability distribution of a superposition of two fermions and
bosons was determined. Eventually, we introduced quasiprob-
ability distributions for multipartite entanglement. Here, we
characterized the multipartite quantum correlations of an en-
tire family of N-partite generalized Smolin states.
In conclusion, a methodological framework is devised
which provides a versatile approach to uncover various forms
of quantum coherences and quantum correlations. As our de-
composition strategy yields a convex expansion for any classi-
cal density operator, we are able to study the geometry of the
set, or a subset, of mixed classical states, as we demonstrated
for several examples. Furthermore, our technique is directly
accessible and comparably simple, which is underlined by the
fact that all results presented here are based on exact solu-
tions. Moreover, our method is not limited to one specific
form of quantum coherence in a quantum system. Therefore,
we provide an easily accessible and intuitive approach to un-
cover general forms of quantum coherence via quasiprobabil-
ities for characterizing quantum phenomena.
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